For families of knots and links given in Conway notation we compute lower maximal and upper minimal bound of hyperbolic volume by using source links and augmented links.
In this paper we consider families of knots and links (KLs) given in Conway notation and their hyperbolic volume. Hyperbolic volume of the complement of a link L will be shortly denoted as V ol(L). First we define a KL family [1] : Definition 1. For a link or knot L given in an unreduced * Conway notation C(L) denote by S a set of numbers in the Conway symbol excluding numbers denoting basic polyhedra and zeros (denoting the position of tangles in the vertices of polyhedra). For C(L) and an arbitrary (non-empty) subsetS of S the family FS(L) of knots or links derived from L is constructed by substituting each a ∈ S f , a = 1, by sgn(a)(|a| + k a ) for k a ∈ N . Definition 2. A KL with single bigons, or equivalently, a KL given by Conway symbol containing only tangles 1, −1, 2, or −2 is called a source link.
This means that all KLs generated from a source link S by substituting single bigons by chains of bigons make a family generated from S. Definition 3. Let D be a reduced link diagram. Two crossings of D are twist equivalent if there exist a flype connecting these two crossings into a bigon. The twist number of diagram D is the number of its twist equivalence classes. The twist number t(L) = t min (L) of a link L is the minimal twist number over all diagrams of L [2, 3] .
Since Conway symbols of links are twist-reduced, for a link diagram given in Conway notation twist number t D is the number of parameters plus the number of single (isolated) crossings in the Conway symbol. All diagrams in a family of alternating link diagrams have the same twist number t D . For example, twist number t D of all diagrams of the family p q (p ≥ 2, q ≥ 2) is t D (p q) = 2, for the family of the diagrams p 1 q (p ≥ 2, q ≥ 2) it is t D (p 1 q) = 3, etc. However, there are alternating links with non-alternating diagrams of smaller twist number than the twist number of their alternating diagrams [2] .
In many papers the twist number t(L) is used as the main tool to determine the upper and lower bound of a hyperbolic volume.
In the book LinKnot [3] it is pointed out that different knot and link (KL) invariants (unlinking number, signature, coefficients of Alexander and Jones polynomial, etc.) can be expressed as the functions of parameters from Conway symbols of KL families. Experimental results suggest that the same holds for hyperbolic volume.
Hyperbolic volumes of families of KLs from the program LinKnot, given in Conway notation for KLs up to 49 crossings, are computed by Knotscape and Windows version of Snap Pea, so all computations are done with a limited precision.
Simplest one-parameter family of knots is the family 2p+1 (p ≥ 1) which consists of non-hyperbolic knots 3 1 , 5 1 , . . .. For KLs from one-parameter subfamily (p + 1) (p + 1) (p ≥ 1) of two-parameter link family p q (p ≥ 2, q ≥ 2) with p ≤ 23, hyperbolic volumes are given in the following The list plot (Fig. 1a) was obtained by Mathematica 6.0. All discrete list plots for one-parameter families are interpolated by functions of the form
with n = 3 or n = 4. In this example, the best interpolation is obtained by Mathematica function FindFit for n = 4, with the maximal error 2.17782 × 10 −9 (Fig. 1b) . The other possible interpolation by simpler functions of the form
in some cases is less precise. From the functions interpolating hyperbolic volumes of families we can make conclusion about their asymptotic behavior. For example, in the interpolating function for the family p p (p ≥ 2) obtained for n = 4 the coefficients are a 8 = 2.3491324728718244, b 8 = 0.5358879857172603, and c = 2.944097878883564, so the interpolating function converges to a8 b8 + c = V ol(6 * ) = 7.32772..., which is the hyperbolic volume of Borromean rings complement. This result is in the complete agreement with the results of C. Petronio and A. Vesnin [4, Proposition 1], which showed that hyperbolic volume of the family p q (p ≥ 2, q ≥ 2) converges to V 2 = V ol(6 * ) = 7.32772... when p → ∞ and q → ∞. The same result we obtained for the family p 1 p (p ≥ 2), i.e., for the family p 1 q when p → ∞ and q → ∞.
For the families of rational KLs of the form p . . . p (p ≥ 2) where p occurs n times, shortly denoted as p n , lim p→∞ V ol(p n ) = (n − 1)V 2 . The same holds for the rational link families of the form p 1 p, p 1 p 1 p, p 1 p 1 p 1 p, ... where p occurs n times.
Augmented links are used for obtaining bounds of hyperbolic volumes [5, 6, 7] . In the language of Conway symbols and chains of bigons, augmentation of a bigon chain (tangle) p (p ≥ 2) is its replacement by tangle (2, −2) 0 ( 
In the replacements single crossings remain unchanged. Theorem 1. For every alternating algebraic link L with at least two chains of bigons, or polyhedral link with at least one chain of bigons,
where L is the source link, L is completely augmented link with all chains of bigons replaced by tangles (2, −2) 0 and
where the limes is taken when all chains of bigons tend to infinity [5, Corollary 2].
For example, let's consider two-parameter family L = 8
. For fixed q = 2, 3, 4, 5 . . . we obtain sequence of one-parameter subfamilies:
.. satisfying the relations: 
Conjecture 2 can be applied ed also to non-alternating KLs, but only positive chains of bigons can be varied and augmented. For example, let's consider twoparameter family of non-alternating knots given by minimal diagrams L = 8
.. satisfying the relations: As the last example of this kind we can consider three families of knots given by minimal diagrams 10 * p 0 :: .q 0, 10 * − p 0 :: .q 0, 10 * − p 0 :: . − q 0 (p ≥ 2, q ≥ 2). Despite of the fact that the first is the family of alternating links, and other two are non-alternating, their hyperbolic volumes converge to the hyperbolic volume of the same completely augmented knot 10 * (2, −2) :: .(2, −2) with the hyperbolic volume 26.3062315 . . . (Fig. 5 ). Two-parameter families and their hyperbolic volumes are visualized using Mathematica functions ListPointPlot3D and ListPlot3D. For the KL family p q (p ≥ 2, q ≥ 2), beginning with knot 2 2 (4 1 ) the point plot (ListPointPlot3D) and the plot (ListPlot3D) of the list (p, q, V ol(p q)) are shown in Fig. 3 . The same data for the family 8 * p 0.q 0 (p ≥ 2, q ≥ 2) are shown on Fig. 4 . For all alternating two-parameter KL families we obtained smooth surfaces with one-parameter subfamilies which can be interpolated by the preceding class of functions.
Similar results are obtained for two-parameter families of non-alternating knots, up to 49 crossings. The most interesting of all are point and list plots of hyperbolic volumes of knots belonging to the family 6 * − (2p + 1).(2q). − 2.2. − 2 where both positive and negative values for p and q are allowed † . In order to visually represent hyperbolic volumes of knots belonging to threeparameter families, we fix one parameter and vary remaining two. given by braid words of the form (aB) n (n ≥ 2) ‡ (Fig. 9 ) and for the family of basic polyhedra 9 * (AbACbACbC), 10 * * (AbAbCbACbC), 11 * * (AbAbACbACbC), 12F (AbAbAbCbACbC), etc. (computed up to 48 crossings).
The obtained results suggest that hyperbolic volume of KLs given in Conway notation, with arbitrarily large number of crossings can be computed (or at least approximated) directly from the hyperbolic volume of the KL family it belongs to provided we have the interpolating function, and that maximal lower and minimal upper bound of the hyperbolic volume for a given family can be simply computed from source link and augmented link.
The lower and upper bounds of hyperbolic volumes for all alternating KL families derived from source links with at most n = 9 crossings are given in the following table. As the main referential volumes are used volume of ideal hyperbolic tetrahedron V 0 = 1.0149416064..., hyperbolic volume of Whitehead link V 1 = V ol(2 1 2) = 3.663862377... and the hyperbolic volume of Borromean rings V 2 = 2V 1 = V ol(6 * ) = 7.327724753... For every link family is given its source link in classical and Conway notation [8] , Conway symbol of the family, and lower and upper bound of hyperbolic volume. Families which have the same lower and upper bound are given in pairs or triples. All parameters p, q, . . . are greater or equal 2. ‡ For n = 2 we obtain, as a limiting case, figure-eight knot. Figure 8 : List plot 3D of the hyperbolic volumes for the three-parameter family of pretzel knots p, q, r for fixed p ∈ {2, 3, 4, 5, 6}. This theorem does not hold for non-alternating links: for example, links of the subfamilies p, 3, −2 and p − 6, 2, −3 (p ≥ 8) belonging to the family 60) p, q, −r have the same hyperbolic volume. These links can be distinguished by Alexander and Jones polynomial.
For n ≤ 12 there are no source knots with the same hyperbolic volume, so we propose the following conjecture: From the Theorem 3 we can make many conclusions about links and their hyperbolic volume. For example, pretzel links 2, 2, −p (p ≥ 3) and rational links 2 (p−2) 2 have the same hyperbolic volume and its upper bound 4V 1 . We can also conclude that all links belonging to the family 2, 2, −p are hyperbolic, except the link 2, 2, −2 which is (2, 2)-equivalent with non-hyperbolic rational link 2 − 2 2 = 4.
